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ABSTRACT This paper focuses on in-course sample diagnostic questions relating to elementary logic, and the two
concepts of limits and continuity of a function. These are for students who choose to take a course on differential
calculus, in a South African context. However, the diagnostic questions could be useful worldwide. Learning
outcomes and in-course diagnostic questions for the technical knowledge and skills required for the indicated
sections were formulated. The questions were designed to check for the relevant learning outcomes that the
researcher detected for the indicated sections as informed by the literature review and conceptual framework. The
learning outcomes and formulation of diagnostic outcomes, although based on a number of assumptions, should
improve the performance of students. Investigations into the validity of those assumptions, including their
attainment levels and student performance correlations to relevant examination questions will be the focus of
another paper.

INTRODUCTION

At the University of KwaZulu-Natal (UKZN)
the relatively low pass rates for the first year dif-
ferential calculus (Math130) module was of con-
cern. The paper by Maharaj and Wagh (2014) fo-
cused on the pre-course diagnostics for differen-
tial calculus. In this paper the focus is on outlin-
ing possible in-course diagnostics for the sec-
tions on elementary logic and limits and continu-
ity of functions for differential calculus. These
are aimed at assessing the strengths and short-
comings of technical knowledge and skills, of the
student. The diagnostic tests would not be for
grading students but rather to provide feedback
on their strengths and weaknesses with regard to
content and skills on elementary logic, limit of a
function and continuity of a function. Detailed
learning outcomes for the sections on elementa-
ry logic, limit of a function and continuity of a
function for the first year differential calculus
course offered at the UKZN are provided.

The research questions that were focused on
are: What are the expected learning outcomes
with regard to the sections on elementary logic
and the two concepts, limit and continuity of a
function? How could in-course diagnostics on
elementary logic, and the limit and continuity of
a function for differential calculus be developed?

This paper will be of interest to readers out-
side South Africa for the following reasons: (1)
diagnostic testing were and are still widely used

at universities in the United Kingdom (Learning
and Technology Support Network Maths Team
Project 2003) and the State of California in the
United States of America (The California State
University 2012) to gauge the readiness of  stu-
dents to study calculus; (2) in this paper the
focus is on in-course diagnostics for some sec-
tions relevant to calculus; (3) the formulation of
the sample diagnostic tests presented was in-
formed by international literature on diagnostic
testing, elementary logic and the concepts on
limits and continuity of a function; (4) these sec-
tions are relevant to the study of any course on
differential calculus taken by students through-
out the world. Further the possible diagnostic
tests suggested in this paper could be adminis-
tered as paper based or computer based, de-
pending on the availability of resources and at
least one of these could be regarded as emerg-
ing economy resources.

Review of Literature

This focuses on:diagnostic testing; elemen-
tary logic; the limit and continuity of a function.

Diagnostic Testing

In other papers, An outline of possible pre-
course diagnostics for differential calculus
(Maharaj and Wagh 2014) and An outline of
possible in-course diagnostics for functions
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(Maharaj pre-print) the researchers discuss, in
detail, the rationale for diagnostic testing and
how one should go about formulating diagnos-
tic questions.  The main points are stated here
for the reader: (a) There should be clear learning
outcomes for sections and these should be made
public (Council of Regional Accrediting Com-
missions 2004). (b) The expected learning out-
comes should guide the formulation of the diag-
nostic questions (Adam 2006). (c) Many institu-
tions in the United Kingdom made use of pre-
course paper based or computer based diagnos-
tic testing (Learning and Technology Support
Network Maths Team Project 2003). (d) Diag-
nostic testing has led to improvement of stu-
dent performance (Betts et al. 2011). (e) Feed-
back on diagnostic tests relating to the strengths
and weaknesses of a student could help him or
her plan and take remedial measures to attend to
identified weaknesses (The California State Uni-
versity 2012). It was observed that many institu-
tions used diagnostic testing to gauge the readi-
ness of students to study calculus. In this paper
the focus was on the formulation of expected
learning outcomes and diagnostic questions for
in-course diagnostics relating to elementary log-
ic, and limits and continuity of functions. It is
the researcher’s opinion that these outcomes
and diagnostics could improve the performance
of students studying those sections, in particu-
lar at the University of KwaZulu-Natal and gen-
erally in developing countries.

Elementary Logic

Logic is concerned with the principles of
correct reasoning (Lau and Chan 2013a). So, el-
ementary logic is concerned with the basic prin-
ciples of correct reasoning. Elementary logic in
the context of mathematics should include the
principles governing the validity of arguments.
In particular the focus should be on whether
certain conclusions follow from some given as-
sumptions. In mathematics formal logic is used.
This is mainly concerned with (a) specially con-
structed systems for carrying out proofs, and
(b) the languages and rules of reasoning which
are precisely and carefully defined (Lau and Chan
2013a).  It could be argued that logic helps us
identify patterns of good reasoning and patterns
of bad reasoning. The former is the one which a
student should follow, while the latter should be
avoided. It is reasonable to assume that study-

ing basic logic can help improve critical think-
ing. It was found that at UKZN some colleagues
believe that elementary logic should be taught
as a separate section. Others are of the view that
the principles of correct reasoning should be
taught in the context of mathematical proofs and
the correct writing out of solutions to problems.
The crucial point is that in constructing an argu-
ment it is important to know how one statement
is related to another (Lau and Chan 2013b). This
brings us to the concept of a good argument.  A
good argument has the following characteris-
tics: (a) it is either valid or strong, (b) has plausi-
ble premises that are true (in mathematics the
assumptions or ‘if’ condition(s)), (c) the premises
must not beg the question (there should be no
circular reasoning), and (d) the premises must
be relevant to the conclusion (Lau and Chan
2013c).

Limit and Continuity of a Function

An earlier paper (Maharaj, 2010) which dealt
with students’ understanding of the concept of
a limit of a function noted that: (a) many past
studies focused on the students’ understand-
ing of the concept of a limit of a function (for
example Cornu 1991; Davis and Vinner 1986; Li
and Tall 1993; Maharajh et al. 2008; Monaghan
et al. 1994; Tall 1992; Tall and Vinner 1981; Will-
iams 1991); (b) students have difficulties with
the concept of a limit of a function in the context
of functions and continuity; (c) many of the dif-
ficulties encountered by students in dealing with
other calculus concepts; for example continuity,
differentiability and integration; could be asso-
ciated to their difficulties with the limit concept;
(d) a high percentage of students have a static
view of mathematics (Cornu 1991; Sierpiñska
1987) which forces them to only deal with a very
specific calculation placed before them and such
students are likely to have difficulties with the
concept of a limit of a function; (e) the symbol

 is an example of a procept since it
represents both the process of getting to a spe-
cific value and the value of the limit of the func-
tion itself; (f) there is no universal algorithm that
works in all cases to find the value of a limit of a
function; (g) since the limit of a function is often
something that could actually never be attained
this contributes to the difficulty students have
in constructing a process conception of a limit
of a function (Cottrill et al. 1996; Dubinsky 2010);
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and (h) the students’ difficulty to understand
this concept is possibly the result of many of
them not having appropriate mental structures
at the process, object and schema levels (in the
context of APOS (action-process-object-sche-
ma) Theory). The paper by Brijlall and Maharaj
(2013) suggests that a major obstacle could arise
if one did not adequately reorganise his or her
schemata, for evaluating limits of a function with
that of continuity of the function at x=α. In such
a case the two schemata could be operating in
compartments. It follows that each of those ob-
servations could impact on students’ under-
standing of continuity of a function.

The above guided the conceptual framework
and methodology for this paper.

Conceptual Framework

The conceptual framework for outlining pos-
sible in-course diagnostics on elementary logic,
and the limit and continuity of a function was
guided by the literature review and the follow-
ing principles:
1. There is a conceptual hierarchy in the body

of mathematics.
2. To study mathematics students should have

good work habits and they should know
what is meant by these. [Focused on in the
paper by Maharaj and Wagh (2014).]

3. It is important for the learning outcomes for
the unit or module to be clearly documented
(Council of Regional Accrediting Commis-
sions 2004). Further, students should know
explicitly at the outset the learning outcomes
expected of them.

4. For effective learning to occur it is not good
enough for an instructor (teacher, lecturer
or tutor) to be aware of the technical knowl-
edge outcomes of a course/module. The doc-
umented learning outcomes should guide
the formulation of suitable diagnostic ques-
tions, for students.

5. When students attempt the diagnostic
questions there should be provisions for
remedial activity, to overcome their identi-
fied shortcomings.

METHODOLOGY

This was informed by the literature review,
conceptual framework and study of the aims and
content for differential calculus (Math130) mod-

ule. The aim and content as indicated in the hand-
book of the Faculty of Science and Agriculture
(2010); which is in the public domain; was looked
at. These are indicated below, the parts indicat-
ed in italics is the researcher’s emphasis:

Aim

To introduce and develop the Differential
Calculus as well as the fundamentals of proof
technique and rudimentary logic.

Content

Fundamental Concepts - elementary log-
ic, proof techniques. Differential Calculus -
Functions, graphs and inverse functions, lim-
its and continuity, the derivative, techniques
of differentiation, applications of derivatives,
antiderivatives.

Then the researcher used his experience re-
lating to teaching at both secondary and tertia-
ry education institutions to formulate and
document:

1. In-course expected learning outcomes for
the sections on elementary logic, the con-
cept of a limit a function and continuity of
a function. These were formulated for the
Math130 module by studying its aim and
content (as indicated above), and also past
assessment questions. [The focus of this
paper.]

2. In-course diagnostics for elementary log-
ic, and the limit and continuity of a func-
tion. The identified learning outcomes were
used to formulate questions on course con-
tent for elementary logic and the two con-
cepts, limit of a function and continuity of
a      function.

FINDINGS  AND DISCUSSION

These are presented in the following order:
(a) elementary logic, (b) limit of a function, and
(c) continuity of a function.

Elementary Logic

The learning outcomes for elementary logic
are followed by the diagnostic questions that
were formulated.
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Learning Outcomes

We expect students to be able to:
1.1. identify the ‘if’ and ‘then’ part of a state-

ment
2. construct the negation of a statement

Recognize that the negation of ‘for all
values of the variable the condition is
true’ is ‘there exists at least one case for
which the condition is false’
Recognize that the negation of ‘for
some value of the variable the condition
is true’ is ‘for every value of the variable
the condition is false’

3.  recognize when an implication is false
Recognize that ‘an implication is false
when the if condition is true and the then
condition is false’

4. recognize when an implication is true
Recognize that ‘an implication is true
when the then condition is false forces
the if condition to be false’. An implica-
tion is true in the following three case
 p  q p → q
T T   T
F F  T
F T  T

5. connect two statements with an ‘and’

Recognize that ‘both statements must
be satisfied’

6. connect two statements with ‘or’
Recognize that ‘one of the two state-
ments must be satisfied’

7. identify equivalent statements
Recognize that they are either ‘both
true’ or ‘both false’

Diagnostic Questions

The in-course diagnostics for elementary
logic (see Table 1) concerns the working knowl-
edge on negation, implication and equivalent
statements with special reference to the ability
to follow mathematical arguments.

 An examination of the diagnostic questions
for elementary logic (see Table 1) should indi-
cate that: These were guided by the formulation
of expected learning outcomes (Adams 2006).
The researcher concentrated on the principles
of correct reasoning, the languages and rules of
reasoning which Lau and Chan (2013a) noted
are precisely and carefully defined, for example
see numbers 2 and 8. There is also a focus of
how one statement is related to another (Lau
and Chan 2013b), for example see number 4. Fur-
ther the characteristics of a good argument (Lau
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and Chan 2013c) at a basic level are also includ-
ed, for example see numbers 1 and 12. The fol-
lowing sections include diagnostic questions
which focus on a good argument at a higher
level. This was to cater for the views of those
colleagues who believe that elementary logic
should be integrated in the teaching of relevant
content for different sections and also in the
writing out of solutions to problems, as remarked
on in the literature review. The researcher’s dis-
cussions with some interested researchers at a
report back meeting during the 2013 HP Global
Catalyst Education Summit held in Sao Paulo
(Brazil) indicated that the majority of them were
of the opinion that elementary logic should be
integrated in the teaching of the different
sections.

Limit of a Function

The expected learning outcomes for limit of
a function and the possible diagnostic ques-
tions to attain these are indicated.

Learning Outcomes

We expect students to be able to:
1. recognize the mathematical representation

and meaning of the concept ‘approaches’
2. recognize the limit of a given sequence of

numbers if it exists
3. recognize the mathematical representation

and meaning of the concept ‘one sided lim-
its’

4. determine one sided limits of split functions
5. determine the limit of standard functions

when the variable approaches a given val-
ue, if the limit exists

6. compute and recall standard limits
7. deduce and recall laws of limits and opera-

tions on limits
8. compute required limits using applications

of the standard limits

Diagnostic Questions

This concerns the meaning of a limit and its
mathematical representation, one-sided limits,
computation of one-sided limits, computation
of standard limits, using the laws of limits to
compute non-standard limits.

An examination of diagnostic questions on
the concept of a limit of a function (see Table 2)

indicates: The expected learning outcomes
guided the formulation of the diagnostic ques-
tions (Adams 2006). Aspects of elementary logic
were incorporated into those questions, for
example see numbers 3, 5 and 14. With regard
to the literature review (Maharaj 2010) ques-
tions were also phrased questions to focus on
the relatively higher mental structures at the
process, object and schema levels (for example
see numbers 2, 8 and 15 respectively). Further
informed by the literature review questions
were formulated that use different techniques
to evaluate the limit of different functions; for
example see numbers 6, 9 to 13 and 16. This
was to expose students to the idea that there is
no universal algorithm that works in all cases
to find the value of a limit of a function (as
noted in the literature review).  The thinking
here was that this could possibly help those
students who had a static view of mathematics
(Cornu1991; Sierpiñska 1987); which forces
them to only deal with very specific calcula-
tions placed before them; to develop flexibility
(Maharaj 2010, 2013) in their thinking.

Continuity of a Function

The expected learning outcomes for conti-
nuity of a function and possible diagnostic
questions to attain these are indicated.

Learning Outcomes

We expect a student to be able to:
1. recall the defining conditions for conti-

nuity of a function at a point
2. recall the defining conditions for conti-

nuity of a function on a given domain
3. determine whether a given function is

continuous at a point or on a given do-
main

4. recall the domain for continuity of stan-
dard functions

5. determine and recall the domain of conti-
nuity of various new functions, on the
basis of knowledge of continuity of stan-
dard functions

6. recognize the standard observations
emerging from the continuity of a function

Diagnostic Questions

This concerns the continuity of functions
at a point in a given domain or on the domain,
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and applications of these ideas to standard func-
tions and non-standard functions.

 The diagnostic questions for continuity of
functions (see Table 3) indicate that: They were
informed by the documentation of the relevant
expected learning outcomes (Adams 2006) for
continuity of a function concept. As indicated
in the discussion for the section on elementary
logic, questions were formulated to gradually
extend and test the ability of students to pro-
vide good arguments. The researcher believes
that this is so since many of these questions
focus on the characteristics of a good argument
as noted by Lau and Chan (2013c), in the litera-
ture review. For example see the diagnostic ques-
tions 4, 6 and 8. Further, note that in the context
of APOS Theory some of the questions test for
attainment by students of higher order mental
structures, which Maharaj (2010) found was lack-
ing in many students in his paper. For example
questions 4, 6 and 8 also focus on conceptualis-
ing the different objects and modifying existing
schema to accommodate the type of thinking
that is required.This was to also address the
issue of schemata for limits and continuity of a
function operating in separate compartments
(Brijall and Maharaj 2013). The aim here was that
exposure to these questions would require stu-
dents to re-organise and connect their existing
schemata.

The learning outcomes and diagnostic ques-
tions formulated, for the relevant sections on
which this paper focuses, is of interest to peo-
ple outside South Africa, both in developed and
emerging economies.  Those sections; elemen-
tary logic, and limit and continuity of a function;
are important in the study of any differential cal-
culus course offered to students, throughout
the world. Informal discussions with students
and interested educationists in South Africa,
India, Brazil and America suggested that one
reason for failure is generally students do not
know exactly what is required of them. The for-
mulated learning outcomes should address this
aspect, provided they are made available to stu-
dents. This should be followed by exposing stu-
dents in good time to suitable diagnostic ques-
tions, to help them identify their strengths or
weaknesses and to take appropriate remedial
measures. Such tests could be paper based or
computer based depending on the resources that
are available. In addition to the administering of
diagnostics tests it is important that some form
of feedback on the strengths and weaknesses
of a student is planned for and provided, so that
if required the student could take appropriate
remedial measures.  The researcher’s opinion is
that such diagnostic tests for particular sections
in calculus should lead to an improvement of
student performance, as was observed by some
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researchers (Betts et al. 2011) who studied the
impact of diagnostic tests mainly based on pre-
course content. In the context of large student
numbers and where computers are available, well
planned and administered diagnostic tests with
suitable student feedback should have the fol-
lowing benefits: (1) students would get prompt
feedback on their strengths and weaknesses well
before grading tests or examinations, (2) stu-
dents could develop a culture where they take
more responsibility for their own learning, and
(3) this should free staff members from attend-
ing to a large number of student queries based
on basic course-work.

In the researcher’s opinion, the outline of in-
course diagnostics for elementary logic and lim-
its and continuity of a function provides a good
platform for research on diagnostic testing re-
lating to those sections, in both the developed
and developing economies. The reader is en-
couraged to implement the material produced in
this paper, even in a modified form to suite his/
her needs and according to the availability of
resources. This researcher would be interested
in the success or lack thereof of such implemen-
tations and any constructive feedback on the
use of learning outcomes and diagnostics with
regard to the relevant in-course content.

CONCLUSION

The researcher was able to identify and doc-
ument clearly the expected learning outcomes
with regard to the sections on elementary logic
and the two concepts, limit and continuity of a
function. These enabled the development of in-
course diagnostics on elementary logic and on
the two concepts, the limit and continuity of a
function, for differential calculus as offered at
the UKZN (in particular). The formulation of di-
agnostic questions for the sections on limit of a

function and continuity of a function took into
consideration relevant aspects pertaining to
these sections and also the section on elemen-
tary logic, as informed by the literature review.
Those questions also tried to accommodate the
two divergent views prevalent at UKZN on how
elementary logic should be taught.

RECOMMENDATIONS

It is the researcher’s view that the diagnos-
tic questions given in Tables 1 to 3 are a good
representation of samples questions that could
be used to check whether students have attained
the expected learning outcomes that were
documented.Since much time and effort were
spent to document the relevant expected learn-
ing outcomes and sample diagnostic
questions,both of these should be used by the
relevant stakeholders (lecturers, tutors or men-
tors) of first year undergraduate mathematics’
students. Such use could benefit students at
UKZN and at institutions in developed or de-
veloping countries. Those interested could in-
vestigate whether the documented expected
learning outcomes and sample diagnostic ques-
tions do what they are intended for. It is recom-
mended that other studies should be planned
by the relevant stakeholders for the implemen-
tation and reporting of the effect of such diag-
nostic questions on their students’ understand-
ing of the relevant sections.
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